In an effort to gain further insight into phenomena associated with dispersive wave turbulence, numerical simulations are used to study homogeneously stratified, two-dimensional turbulence forced randomly at small scales. Consistent with what has been observed in simulations of rotating turbulence, the flow characteristics change dramatically when the Froude number passes through the value one, where the Froude number is defined in terms of the energy input rate and peak wavenumber of the force. For Froude numbers less than approximately one, the transfer of energy from small to large scales is anisotropic, leading to population of the slow manifold only, which in this case corresponds to vertically sheared, horizontal motions. There is evidence that resonant triads play an indirect but crucial role in the anistropic transfer to the slow modes.
Introduction
Fundamental models for geophysical flows involve the complex interaction between waves and turbulence, e.g., the β-plane model, the rotating shallow water equations, the Navier Stokes equations in a rotating frame, the Boussinesq equations, and the Boussinesq equations in a rotating frame. Numerical studies focusing on the anisotropic transfer to large scales for forced, weak turbulence have been performed for β-plane flow [1, 2] three-dimensional (3D) rotating flow [2] and twodimensional (2D) flow on a sphere [3] . Strong transfer from small to large scales in 2D flows, including β-plane flow, is by now taken for granted, with well-established theoretical understanding [4] . The demonstration of such in fully 3D rotating flow was unexpected by many, and is lacking in mathematical foundation. Based on dimensional considerations, Rhines [5] predicted the large-scale β-plane spectrum E(k) ∝ k −5 instead of E(k) ∝ k −5/3 as in isotropic 2D turbulence [4] . Later, numerical simulations [1, 2] uncovered the anisotropic nature of the large-scale β-plane spectrum, i.e. the fact that E(k) ≈ E(k x = 0, k y ) ∝ k −5 y . For 3D rotating flow, the analogous large-scale spectrum E(k) ≈ E(k h = 0, k z ) ∝ k −3 z with k 2 h = k 2 x + k 2 y is also supported by numerical simulations [2] . However, a first principles analysis starting from the equations of motion has yet to be developed for the central feature of anisotropic transfer in any dispersive wave system.
The present study is a step towards a more complete understanding of dispersive wave flows in the regime of weak turbulence, defined here as the regime in which nonlinear inertial forces are essential, but smaller than dispersive wave effects. The focus is on the transition from isotropic to anisotropic transfer of energy from small to large scales as the Froude number is decreased. Previous numerical studies of 2D stratified turbulence have focused on other phenomena, such as wave breaking [6, 7] , flow over obstacles [8, 9] , and stability [10] . Two-dimensional stratified turbulence may be a test case for theories of dispersive wave turbulence. Despite the limitation of zero potential vorticity, 2D stratified turbulence is not without merit as a model in its own right (see, e.g. [6, 7] ). The Boussinesq equations for stratified flow are presented in Section 2. Section 3 gives parameter definitions and details of the numerical calculations. Section 4 describes the numerical results. Some of the many open questions are discussed in Section 5.
The governing equations and linear eigenmodes
The Boussinesq equations for vertically stratified flow are, in dimensional form, (e.g., [11] )
where v = u(x, z)x + w(x, z)ẑ is the Eulerian velocity, P is the effective pressure, N the buoyancy frequency, D/Dt = ∂/∂t + v · ∇ is the material derivative, ν o is the kinematic viscosity, κ is the diffusion coefficient and θ, which has units of velocity, is proportional to the density fluctuations. The total mass density ρ has been decomposed as
where ρ 0 is a reference density, b is a positive constant (for uniform, stable stratification), z is the vertical coordinate and g is the gravitational acceleration. The buoyancy (Brunt-Väisälä) frequency N is
The term f u in (1) represents external forcing of the velocity; note that we do not consider external forcing of the density fluctuations θ. It is interesting to note that equations (1)- (3) are exactly the same as the equations for three-component (3C), two-dimensional flow rotating about thexdirection at rate N/2, with velocity v = u(x, z)x + θ(x, z)ŷ + w(x, z)ẑ. In this equivalence, θ ∝ ρ plays the role of the velocity in theŷ-direction. The analogy between stratified flow and rotating flow in the linear limit is well-known; this analogy holds also for the fully nonlinear equations in the 3C-2D case. Note also that since the vorticity ω is in theŷ direction and density ρ = ρ(x, z), then the potential vorticity ω · ∇ρ is identically zero.
For an unbounded or periodic domain, the linear eigenmodes of (1-3) are Fourier modes (internal gravity waves)
where φ = ( v,θ). There are only two modes per wavevector as a result of the continuity constraint (3). Substituting (6) into the linearized form of the equations (1)- (3) leads to the dispersion relation for the internal gravity waves
where k = |k|. The eigenfunction φ + corresponding to σ + in (7) is
The eigenfunction φ − corresponding to σ − in (7) is the complex conjugate of φ + . For the case k x = 0, when the wavevector is parallel to the stratification axis, (8) are vertically sheared horizontal flow modes, with no vertical velocity.
In the (numerical) solution and analysis procedure, we expand the Fourier transformed velocity and density fluctuations in terms of the orthonormal, solenoidal eigenmodes
where α = −, +. In the inviscid, unforced case (ν 0 = κ = f u = 0), the evolution of a α e iσ (α) t results from nonlinear interactions only
where v·∇v and v·∇θ are the Fourier transforms of the nonlinear terms.
The numerical simulations
Equations (1)- (4) are solved using a pseudo-spectral code in a periodic square. The linear terms are treated using an integrating factor technique, in effect removing them from the time-integration (as in (11) above). The viscous terms are treated with an integrating factor as well [12] . At each step of the third-order Runge-Kutta time-stepping scheme, the Fourier transformed velocity and density fields are projected onto the gravity wave solutions of the linearized equations. Each wave is multiplied by the proper integration factor, and the time step is chosen to sufficiently resolve the waves (i.e., σ∆t < N ∆t < 0.2). The projection onto the gravity waves automatically satisfies incompressibility and eliminates pressure. The nonlinear terms v · ∇v and v · ∇θ are calculated in physical space and Fast Fourier transforms are used to go back and forth between Fourier and physical space. In the simulations, the forcing spectrum F (k) is Gaussian with standard deviation s = 1, given by
Typically, the spectrum F (k) is truncated to include only a small number of wavenumbers, for example, for resolution 512 2 Fourier modes and k f = 96, we truncate the force for k < 88 and k > 104. Based on the energy input rate f and the peak wavenumber k f of the force, we define the Froude number as
To vary the Froude number, we fix f = 1, k f = 96 and s = 1, and vary the value of the BruntVaisala frequency N . The dissipation at small-scales is modeled by a hyperviscosity term (−1) p+1 ν(∇ 2 ) p u with p = 8 in place of the normal viscosity term ν∇ 2 u. Likewise the dissipation of the density fluctuations is modeled by (−1) p+1 κ(∇ 2 ) p θ with p = 8 and κ = ν such that the Prandtl number ν/κ is unity. The purpose of using hyperviscosity, which turns on much more abruptly than the gradual increase of normal viscosity at small scales, is to eliminate as much as possible the effects of viscosity at intermediate scales, thus extending the turbulence inertial ranges. In general, we do not dealias in order to preserve more distance between k f and the dissipation wavenumber k d ; this distance insures a region of constant enstrophy flux for k > k f . The use of hyperviscosity precludes accurate simulation of the tails of the spectra in any case. By maintaining a constant-flux of enstrophy in a wider interval k f > k > k d , we diminish the possibility that the hyperviscosity affects the large-scale dynamics. We have performed simulations dealiased using the 2/3 rule (see, e.g., [13] ) to verify that the large-scale spectra are independent of the tails.
Results
The results are summarized in Fig. (1) , showing kinetic energy vs time for a series of runs with varying Froude number. The data is nondimensionalized by the nonlinear time scale ( f k 2 f ) −1/3 and nonlinear energy ( f /k f ) 2/3 . The resolution is fixed at R = 512 2 Fourier modes, the energy input rate is f = 1 and the forcing is between 88 ≤ k ≤ 104 (k f = 96). For F r → ∞ (N = 0), the flow approaches 2D isotropic turbulence with a forward cascade of enstrophy and an inverse cascade of energy. After an initial period of nonlinear adjustment, the energy grows linearly in time, dE/dt ≈ 0.78 f t. The linear growth of energy reflects a constant flux at 78% of the energy input rate f . In this finite system, the energy and enstrophy inertial ranges are not isolated from each other, evidenced by the fact that 22% of the energy input is transferred to scales smaller than the force, and dissipated by viscosity. Fig. (1) shows that as the Froude number is decreased, the growth of energy is reduced, until at a value F r ≈ 1, the growth is completely suppressed. Furthermore, the nonlinear behavior of the curves in Fig. (1) for F r < ∞ reflect non-constant flux of energy to large scales. Decreasing the Froude number from F r → ∞ to F r ≈ 1 reduces the importance of nonlinear effects as compared to stratification effects. The value F r = 1 indicates that nonlinear and stratification effects are equally important. For the case F r ≈ 1, there is no nonlinear transfer of energy to wavenumbers k < k f , and the energy input is balanced by the dissipation. In other words, for F r ≈ 1 there is no inverse cascade of energy. For values of the Froude number F r < 1, when stratification effects are stronger than nonlinear effects, one sees that the energy again grows in time. However, as we shall explain, the transfer of energy to large scales is quite different for the two regimes F r > 1 and F r < 1. The fact that the crossover behavior occurs at F r ≈ 1 supports the definition (13) based on the forcing parameters f and k f as the appropriate measure of the ratio of nonlinear and stratification effects.
Next we compare energy spectra for two runs, with F r = 10.5 ( Fig. 2 ) and F r = 0.5 ( Fig. 3) , on either side of the critical value F r ≈ 1. The essential difference between these two runs can be understood by comparing the full spectrum E(k), given by the solid line in each plot, to the one-dimensional spectrum E(k x = 0, k z ), given by the short dashed line in each plot. The spectrum E(k x = 0, k z ) represents the energy in horizontal motions, independent of k x , with vertical shear. In Fig. 2 , one sees that the spectrum E(k x = 0, k z ) is much smaller in magnitude than the full spectrum E(k). In this case there is no obvious statistical difference between E(k x = 0, k z ) and E(k x , k z = 0) (long dash), indicating that the flow is not far from isotropic at the large value F r = 10.5.
In contrast, Fig. 3 (F r = 0.5) shows that E(k x = 0, k z ) contains all of the energy in wavenumbers smaller than k ≈ 50. In both figures, the peak of the energy spectrum is at about wavenumber ten, but there is a larger amount of accumulated energy in the case F r = 0.5 because the spectrum is so steep for 10 < k < 40. It appears that a new length scale, which we denote l N = 2π/k N , has been introduced into the problem for F r < 1. We have not attempted to fit a power law to the data for 10 < k < 40 in Fig. 3 because the fluctuations are too large and the range 10 < k < 40 is too short. Even for longer times when the low wavenumbers k < 10 are populated, we feel that attempting to fit the data to a power law is not meaningful because of the large fluctations in a single realization of a one-dimensional spectrum. Averaging over time is not possible unless a statistically steady state is established by low-wavenumber damping, something we wished to avoid in this study, but may pursue at a later date. A possible scaling for the range k < k N is E(k) = C(F r)N 2 k −3 (see e.g., [7] ), though the spectra in Fig. 3 appear steeper than k −3 . It is interesting to note that the structure of the large-scale spectrum E(k) is Fig. 3 is reminiscent of the spectrum of wind velocities measured by aircraft (see, e.g., [14] ). These atmospheric spectra scale approximately as E(k) ∝ k −3 in the range 800 − 2500 kilometers, and approximately as E(k) ∝ k −5/3 in the range 10 − 500 kilometers [14] . In 2D isotropic turbulence, the scaling E(k) ∝ k −3 appears at wavenumbers larger than scales corresponding to the scaling E(k) ∝ k −5/3 [4] . Fig. 4 shows energy spectra for the case F r = 0.7 just below critical, for which anisotropy is evident but the growth of energy is weak compared to the case F r = 0.5 (see Fig. 1 ).
The time in Fig. 3 is about t( f k 2 f ) 1/3 ≈ 6500 (off the scale in Fig. 1 ), while the time in Fig. 2 is t( f k 2 f ) 1/3 ≈ 800. The anisotropic transfer to large scales for F r < 1 is a much slower process than isotropic transfer associated with pure 2D turbulence and weakly stratified 2D turbulence. This may be because only a subset of nonlinear interactions is responsible for the anisotropic transfer. In Section 4 we show that resonant interactions account for a large part of the energy transfer at early times in a simulation forced by a single mode. Fig. 5 shows scalar energy spectra E ρ (k) for F r = 10.5 (solid) and F r = 0.5 (dash) for the same times, respectively, as in Figs. 2 and 3 . The line k −1 is shown for comparison. One sees that the data scale close to E ρ (k) ∝ k −1 for F r 1. For F r = 0.5, the new length scale l N = 2π/k N with k N ≈ 40 appears again in the density spectrum, with transition to a steeper spectrum E ρ (k) for k < k N .
Portions of the physical space fields corresponding to the velocity and density spectra for F r = 10.5 are shown, respectively, in Figs. 6 and 7 at the same time as the spectra for F r = 10.5 in Figs. 2 and 5. The velocity vectors in Fig. 6 show small-scale vortices, representative of the enstrophy cascade range (see, e.g., [15] ), and there are no structures associated with population of scales larger than the forcing scale (see, e.g., [16, 17] ). Contours of the density fluctuations (Fig. 7) show that mass tends to be concentrated in the centers of the small-scale vortices. In contrast, portions of the physical space velocity and density fields for F r = 0.5 show a layered structure. The velocity vectors in Fig. 8 are nearly horizontal, with vertical shear, and the density contours in Fig. 9 also show that a layered structure is starting to form in the density field. As time progresses, the layers merge and thicken, with stronger velocity and larger concentration of density.
Discussion
A surprising feature of 2D stratified turbulence is the lack of energy transfer to large scales when F r ≈ 1. This is in contrast to the case of β-plane turbulence, in which there is always transfer of energy from small to large scales, but the nature of this transfer changes from isotropic to anisotropic at a scale k β ∝ (β 3 / f ) 1/5 [1] . The analogous scale for stratified flow is k o = (N 3 / f ) 1/2 , called the Lumley-Ozmidov wavenumber (see, e.g., [18, 19] ). The Lumley-Ozmidov wavenumber is an estimate for the wavenumber above which overturning can occur; it is considered a boundary between waves and turbulence, and is much higher than the dissipation wavenumber in our simulation with F r = 2(k f /k o ) 2/3 ≈ 0.5; N = 80 and f = 1 lead to k o ≈ 715. The scale k N ≈ 40 in Fig. 3 and 5 marking the transition to steeper spectra for F r = 0.5 is clearly distinct from the Lumley-Ozmidov scale, and needs further investigation.
It is well understood that gravity waves have the effect of reducing, on average, the energy transfer between modes, except for resonant triad interactions with
where σ(k) is the frequency of the gravity wave given by (7) . It is also well known that resonant triad interactions cannot directly transfer energy between two modes with nonzero frequency and another mode with zero frequency [20, 21] . From (7), the zero-frequency modes have k x = 0, and are the only modes popluated at wavenumbers k < k N in our simulations with F r < 1 (Fig. 3) . This zero manifold corresponds to horizontal flow with vertical shear (Fig. 8) . It remains to explain, then, precisely how energy is transferred from fast to slow modes in 2D stratified flow, and many other dispersive wave systems including β-plane flow and rotating flow. For β-plane flow where the slow manifold consists of zonal flow, Newell [22] showed that resonant quartets of Rossby waves can transfer energy to the zonal flow. These resonant quartets involve two resonant triads. In rotating flow where the slow modes correspond to cyclonic vortical columns, Smith and Waleffe [2] found analogous resonant quartets of inertial waves that can transfer energy to the vortical columns. Another possible mechanism for the transfer of energy from fast to slow modes, discussed in [2] , is a two-step (or multi-step) process whereby the resonant triads transfer energy towards the zero modes, and then nearly zero modes with σ(k) = O(F r) transfer energy into exactly zero modes with σ(k) = 0. Smith and Waleffe [2] considered deterministic forcing of a single mode in a resonant triad, and showed that energy is indeed transferred towards the zero manifold. Their analysis for rotating flow applies directly to the present case of 2D stratified flow after a rotation of the coordinate axes. Majda, Timofeyev and Vanden Eijnden [23] showed that the same result holds for stochastic forcing.
Here we present numerical evidence for resonant triadic transfer from fast to nearly zero modes, and then from nearly zero to exactly zero modes. We consider a simulation forced randomly by a single mode with wavevector k = (80, 40) and other parameter values R = 512 2 , f = 1 and N = 80 such that F r ≈ 0.5. The long-time results are similar to those for the run with forcing in the wavenumber shell 88 < k f < 104, shown in Figs. 3, 5, 8 and 9 . However, for forcing of a single mode, it is easy to compute all modes resonant with the force using (14) , and then to compare those resonant traces to the energy density E(k). Contours of E(k) are compared to the resonant traces in Figs. 10 and 11 for an early and later time, respectively, in the simulation at F r = 0.5 forced randomly by a single mode with k = (80, 40). Fig. 10 shows that most of the energy at early times is concentrated on or near some parts of the resonant traces. At later times, the energy has accumulated near the slow manifold with k x = 0.
Of the many higher-order mechanisms for anisotropic transfer from fast to slow modes in dispersive wave turbulence, the challenge is to determine which one(s) are essential. This is an issue fundamental to the mathematical theory of dispersive wave turbulence and to the modeling of geophysical flows. It is one of the main reasons to pursue test cases such as 2D stratified turbulence, where it is easier to study subsets of interactions, and results of such studies will be the subject of future reports. Figure 8: Velocity vectors in a portion of (x, z) physical space for F r = 0.5 (same time as Fig. 3 ). 
